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We comment on the consistence of the epsilon anti-symmetric tensor adopted in [R. Banerjee
and S. Kulkarni, arXiv:0707.2449] when it is generalized in the general case where
√−g 6= 1. It is
pointed out that the correct non-minimal consistent gauge and gravitational anomalies should by
multiplied a factor
√−g 6= 1. We also sketch the generalization of their work to the √−g 6= 1 case.
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Comment on “Hawking Radiation and Covari-
ant Anomalies”
In a recent paper [1], Banerjee and Kulkarni suggested
that it is conceptually clean and economical to use only
covariant gauge and gravitational anomalies to derive
Hawking radiation from charged black holes [2]. Here we
point out that while their work is self-consistent in the
case of the metric determinant
√−g = √−gttgrr = 1,
a potential ambiguity will arise in the definition of the
epsilon anti-symmetric tensor when
√−g 6= 1. We then
remove this vagueness and present the correct expres-
sions for the non-minimal consistent gauge and gravita-
tional anomalies. Subsequently, we sketch the generaliza-
tion of their work to derive the charge flux and energy-
momentum flow in the most general diagonal metric case
where
√−g 6= 1.
Without loss of generality, let’s consider the most gen-
eral two-dimensional non-extremal metric given by
ds2 = f(r)dt2 − h(r)−1dr2 . (1)
Here we assume f(r+) = h(r+) = 0 and
√−g =
√
f/h
is regular at the horizon r = r+. Then we define the
two dimensional antisymmetric tensors, εµν = ǫµν/
√−g
and εµν =
√−gǫµν for the upper and the lower cases,
respectively, together with ǫ01 = ǫ10 = 1. In terms of the
usual Pauli matrices σi’s, the γ-matrices and γ5-matrix
are explicitly given by, γ0 = σ2/
√
f , γ1 = i
√
hσ1, γ0 =√
fσ2, γ1 = −iσ1/
√
h, and γ5 ≡ γ0γ1/
√−g = −σ3.
Using the property of γ-matrices, γ5γ
µ = −εµνγν , it is
easy to check that the chiral current
J µ = ψ¯
(1± γ5
2
)
γµψ = ψ¯
(gµν ∓ εµν
2
)
γνψ , (2)
satisfies a constraint condition, εαµJ µ = ∓Jα.
The minimal form of the consistent gauge anomaly is
∇µJµ = ± e
2
4π
√−g ǫ
αβ∂αAβ = ± e
2
4π
εαβ∂αAβ , (3)
where +(−) corresponds to left(right)-handed fields, re-
spectively. Adding a local polynomial to the consistent
current Jµ, then the current J¯µ = Jµ+e2Aµ/(4π) is still
consistent and should obey the anomalous equation
∇µJ¯µ = ± e
2
4π
√−g∂α
[√−g(εαβ ± gαβ)Aβ
]
. (4)
This is a non-minimal form for the consistent anomaly in-
cluding the normal parity terms. Both consistent anoma-
lies will obey the same equation once if the Lorentz gauge
condition ∇µAµ = 0 is imposed. The new consistent cur-
rent can be further modified, by adding a local polyno-
mial, to define a covariant current
J˜µ = J¯µ ∓ e
2
4π
Aν
(
ενµ ± gνµ) , (5)
which yields the gauge covariant anomaly
∇µJ˜µ = ± e
2
4π
√−g ǫ
αβFαβ = ± e
2
4π
εαβFαβ . (6)
The minimal form of the consistent gravitational
anomaly, for right handed fields, is
∇µT µν =
ǫβδ
96π
√−g∂δ∂αΓ
α
νβ =
εβδ
96π
∂δ∂αΓ
α
νβ . (7)
Including the normal parity terms, the non-minimal form
for the consistent gravitational anomaly should read
∇µT¯ µν =
1
96π
√−g∂δ∂α
[√−g(εβδ + gβδ)Γανβ
]
. (8)
Special care should be taken for the anti-symmetric
tensor ǫˆµν in the covariant gravitational anomaly
∇µT˜ µν =
1
96π
√−g ǫˆµν∂
µR , (9)
where ǫˆµν ≡ gµαgνβǫαβ =
√−gεµν = −gǫµν should be
understood, in accordance with the conventions adopted
in [2, 3].
Finally, the classical energy momentum tensor is trace-
less, due to an identity T λν = ε
λµTµν , following from the
chirality constraint.
The derivation of Hawking flux via covariant anoma-
lies is completely parallel with the
√−g = 1 case except
2some modifications as follows. All J˜r and T˜ rt appearing
in [1] should be replaced by
√−gJ˜r and √−gT˜ rt, respec-
tively. Accordingly, the operator ∇µ in Eqs. (22) and
(31) should be multiplied by the factor
√−g also.
The surface gravity calculated by this method is
κ =
√
−48πN˜ rt(r+) , (10)
N˜ rt =
1
96π
(
hf ′′ +
1
2
h′f ′ − h
f
f ′2
)
. (11)
Since f(r+) = h(r+) = 0, we find that N˜
r
t(r+) =
−1
192pi
f ′(r+)h
′(r+), and so κ =
1
2
√
f ′(r+)h′(r+), in agree-
ment with that obtained in [3].
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